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even though its membership is not widely known, and similarly the set of all
former first-grade teachers is perfectly determined, although it may be hard
to find out who belongs to it. For a set to be well-defined it must be clear iz
principle ivhat makes an object qualify as a member of it. For our present
purposes 1\'e may simpiy assume that, for instance, the set of red objects is
well-defined, and disregard uncertainties about the exact boundary between
red and orarrge or other sources of vagueness'

A set with only one member is called a singleton, e.g. the set consisting
of you only, and there is one special set, the empty set or the null set, which
has no members at all. The empty set may seem lathel startling in the
begirining, but it is the onll' possible representation of such things as the set
of squarecirclesorthesetof allthingsnotidenticaltothemselves. Xlloreover,
it is a mathematicai convenience. If sets were restricted to having at least
one member, manv otherwise general statements about sets wou]d have to
contain a special condition for the empty set. As a matter of principle,
mathematics strives for generality even when limiting or trivial cases must
be included.

We adopt the following set-theoretic notation: we write A, B, C,...
for sets, and a, brcr. - . or sometimes t'y) z). . . for members of sets The
membership relation is written with a special symbol €, so that b g A is
read as ,b is a member of A'. It is convenient aiso to have a notation for
the denial of the membership relation, written as (, so th'at b ( A is read as

'b is not a member of L'. Since sets may be members of other sets we will
sometimes write ,{ € B, when the set A is a member of set B, disregarding
the convention that members are written with lower case letters.

L.2 Specification of sets

There are three distinct ways to specify a set: (1) by listing all its members,
(2) by stating a property which an object must have to qualify as a member
of it, and (3) Uy defining a set of rules which generate its members. We
discuss each method separatelY.

List notation: When a set is fi.nite, its members can in principle be
listed one by one until we have mentioned them all. To specify a set in
list notation, the names of the members, written in a line and separated by
comnas, are enclosed in braces. For example, the set whose members are
the world's longest river, the first president of the United States and the
number three could be written as

-r-i) {The Amazon tr

Several things must be
:l some definite cies:-
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Another point about the list notation for sets is that writing the name of
a member more than once does not change its membership status. Should
we write

(1-5) {a,b,c, d,e, e, e,e}

u'e would have described exactly the same set as by writing

(l-6) {a,b,c,d,el

This is a consequence of a fundamental principie of set theory: for a given
object, either it is a member of a given set or it is not. There is no such thing
as halfway, multiple or gradual membership in our set theory (although there
have been attempts to construct theories of "fu.zzy sets"; see Zadeh (1987)).

For large finite sets the List notation may be impractical and is abbrevi-
ated if some obvious pattern can be recognized in the list' For example, to
list all muJtiples of five between zero and one hundred, we may write:

(1-i) {0,5, 10,15, . . .,95, 100}

Predicate notation: The list notation can be used. strictly speaking,
only for finite sets, although it is sometimes used in elliptical form forll'ell-
known infinite sets such as the various sets of numbers. For example, the set
of positive integers (whole numbers) is sometimes denoted by {1, 2,3,4, . . .} '
A better vi'ay to describe an infirLite set is to indicate a property the mem-
bers of the set share. The so-called predicate notation for this type of set
description is illustrated by

(1-8) {c I z is an even number greater than 3}

The vertical liae following the first occurrence of the variable c is read 'such
that'. The whole expression in (1-8) is read 'the set of all c such that z
is an even number greater than 3.' Here c is a variable, which we may
think of as an auxi[ary symbol that starids for no particular object, but it
indicates what the predicate is applied to. Note that the predicate notation
describes finite and infinite sets in the same way (e.g', the predicate'a is an
even number between 3 and 9' specifies the finite set {4,6,8}) and that two
predicates, if they are coextensive, will specify the same set. For example,

(1-9) {c I o is evenly divisible by 2 and is greater than or equal to 4}

is the same 5s1 35 i'1-i

A predicate mai' I
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ianguages and their semantics, but it is beyond the scope of this book to
discuss the type theories in general or any of the various other solutions to
the set-theoretic paradoxes (see, however, the axiomatization of set theory
in Chapter 8, section 2.8).

Recursive rules: Since finite sets specified simply by listing their mem-
bers can never iead to such paradoxes, no changes had to be made for them.
For infinite sets, the simplest way to avoid such paradoxes and still be able
to define most sets of reievance to ordirrary mathematics is to provide a rule
for generating elements "recursively" from a finite basis. For example, the
set Z = {4, 6,8,. . .} (=(1-8)=(1-9)) can be generated by the following rule:

(1-11) a)aeE
b) Ifa€E,thenr-r2€E
c) Nothiag else belongs to E.

The first part of the rule specifies that 4 is a member of E; by applying
the second part ofthe rule over and over) one ascertains that since 4 € E,
then 6 € E; since 6 e E, then 8 € E; etc. The third part insures that no
number is in E except in virtue of a and D.

A rule for generating the members of a set has the following form: first,
a finite number of members (often just one) are stated expiicitly to belong to
the set; then a finite number of if-then statements specifying some lelation
between members of the set are given, so that any member of the set can be
reached by a chain of if-then statements starting from one of the members
specified in the first part of the rule, and nothing that is not in the set can
be reached by such a chain. We wiii consider such recursive devices in more
detail in Chapter 8, section 1.1.

The earher method of specifying a set by giving a defining property
for its members has not been abandoned in practice, since it is often quite
convenient and since paradoxical cases do not arise in the usual mathematical
applications of set theory. Outside of specialized works on set theory itself,
both methods are corrunonly used.

1.3 Set-theoretic identity and cardinality
We have already seen that different lists or diferent predicates may specify
the same set. lmplicitly we have assumed a notion of identity for sets which
is one of the fundamental assumptions of set theory: two sets are identical
if and only if they have exactly the same members. Fot instance,

'L-72) {1,2,3,4,5,6}
and

{1-13) {o I c is aPositivt

and

ii-14) a)LeA
b)ifc€,4,ande
c) nothing else :s
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B may contain other members besides those of A, but this is not necessarily
so. Thus the subset relation allows any set to be a subset of itself. If we
want to exclude the case of a set being a subset of itself, the notion is called
proper subset, and written as ,4 C B. For the denial of the subset relation
we put a slash across the subset symbol, e.g. A I B means that ,4 is not a
subset of B, hence that ,4 has at least one member which is not a member
of B.

The following examples illustrate these concepts.

(1-16) a) {4,6, c} Q {s, b,a,e,g,i,c}
b) {4,b, j} { {t,b,a,e,g,i,c}
c) {a,6,c} c {s,b,a,e,g,i,c}
d)0c{a}
e) {a, {a}i C {4, b, {a}}
r) {{o}} ( {a}
s) {o} € {{oi}, but {a} e {{o}} (!t)

A curious consequence of the definition of subset is that the null set is
a subset of every set. That is, for any set ,4 whatever,0 C A. Since 0

has no members, the statement that euery member of 0 is also a member of
,4 holds, even if vacuously. Alternatively, we could reason as follows. How
could 0 fail to be a subset of A? According to the definition of subset, there
wouid have to be some member in 0 that is not also a member of A. This is
impossible since 0 has no members at a1l, and so we cannot maintain that
A g A Since the argument does not depend in any \4'ay on what particular
set is represented by A, it is true that 0 e A for every ,4.

Note, however, that u'hile 0 C {o}, for example {0) I {"}.The set {0}
has a member, namely 0, and therefore is not the empty set. It is not true
that every member of {0} is also a member of {a}, so {0} ( {a}.

Members of sets and subsels of sets both represent relationships of a
part to a whole, but these relationships are quite different, and it is im-
portant not to confuse them. Subsets, as the name suggests, are always
sels, rvhereas members may or may not be. Mars is a member of the set

{Earth, Venus, Nlars} but not a subset of it. The set containing Mars as its
only member, {Mars}, is a subset of {Earth, Venus, \{ars} because every
member of the former is also a member of the latter. Further, whereas every
set is a subset of itself, it is not clear whether a set can ever be a member
of itself, as we saw above in the discussion of Russell's Paradox. Note how
important it is here to distinguish between Nllars, the planet, and {Mars},

:he set.
Sets with sets as r

Consider, for examPie.
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(1-17) Att B =1uy{xla € Aor c € B}

Note that the disjunction 'or'in (1-17) allows an object to be a member
of both A and B. For this reason, the 'or' is an inclusiue d,isjunction; (see

Chapter 6, section 2). For examPle,

(1-18) Let K - {o, b}, L = {c,d} and II = {b,d}, then

K'J L : {a,b,c,d)
K ,J It[ = {a,b,d}
L ,J M : {b, c,d}
(KNL)aM : KJ(LuM) = {a,b,c,d}

= {o,b} = K
: {.,d} = L

Set-theoretic union can easily be generaiized to apply to more than two
sets, in which case we write the union sign in front of the set of sets to
be operated on: e.g. l){K,L,lvI) = the set of ail elements in K or L
or M = {a,b,c,d"). There is a nice method for visuaily representing set-

theoretic operations, cal\ed Venn diagrams. Each set is drawn as a circle
and its members are represented by points within it. The diagrams for two
arbitrarily chosen sets are represented as partially intersecting - the most
general case - as in Figure 1-1. The region designated'1'contains elements
which are members of ,4 but not of B; region 2, those things in B but not in
,4; and region 3, members of both B and,4. Points in region 4 outside the
diagram represent elements in neither set. Of course in particular instances
one or more of these regions might turn out to be empty'

The venn diagram for the union of -4 and B is then made by delineating
ail the regions contained in this set - shown in Figure 1-2 by shading areas

1, 2, and 3.
The second operation on arbitrary sets A and B produces a set whose

members are just the members of both A and B. This operation is called
the intersection of. l, and B, written as ,4 t^l B. In predicate notation ttr-is
operation would be defined as

(1-19) AnB :4uy{o lc € Aandc € B)

For example, the intersection of the sets K and M of (1-18) is simply the
singleton {b}, since 6 is the only object which is both a member of K and a
member of M. Here are some more examples:

K:,-tA
LJA

4

I
I

\

I
v\

Figure

Figo
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(1-20) K. L
L.M
K)K
K.a
(KnL))M
K)(LuM)

Csapren 1

0

{d}
{o,b} = K
0
K.(L1M) : A

{b}

The general case of intersection of arbitrary sets ,4. and B is represented
by the Venn diagram of Figure 1-3.

Figure 1-3: Set-theoretic intersection ,4 [l B.

Intersection may also be generalized to apply to three or more sets; e.g.,
a{K,L,M} = 0. ttre intersection of three arbitrary sets ,4, -B and C is
shown in the Venn diagram of Figure 1-4. Here the black area represents
what is corrunon to ihe regions for,4n B, Ba C and AaC. Obviousil'
when more than three sets are involved, the Venn diagrams become very
complex and of little use, but for simple cases they are a valuable visual aid
in r:nderstanding set-theoretic concepts.

Problem: Construct a Venn diagram for the union of three arbitrary sets.

L.7 Difference and complement

Another binary operation on arbitrary seis .4 and B is the difference, written
A- B, which'subtracts'from,4 all objects which are in B. The predicate
notation defines this operation as follows:

Fig.
(l

i1-21) A-B=dei

--1- B is also called:
particular sets .L aa
member of ,L which
corrrmon, then nothi
for all sets A, B: A.'
thatA-B=B-!
fact that the order c

The Venn diagi
Figure 1"-5.

Some more exar

(1.-22) K-1r =L-K =M-L =

K -0 =

0- K =

This operation :
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Figure l--5: Set-theoretic difference ,4 - B'

written A/, which is the set consisting of everything not in ,4. In predicate
notation

(1-23) At-def{xla/A}
Where do these objects come from which do not belong to A? The answer
is that every statement involving sets is made against a background of as-

sumed objects which comprise the uniaerse (or domain) of discourse fot
that discussion. In talking about number theory, for example, the universe
might be taken as the set of all positive and negative real numbers. A truly
universal domain of discourse fixed once and for all, which would contain
Iiteraliy ,everything' out of which sets might be composed, is unfortunately
impossible since it would contain paradoxical objects such as 'the set of all
sets'. Therefore, the universe of discourse varies with the discussion, much as

the interpretation of the English words 'everything' and 'everyone'tends to
be implicitly restricted by the context of discourse. When no other specified
name has been given to the universe of discourse in a particular discussion,
we conventionally use the symbol u f.or it. when it is clear from the con-
text or irrelevant to the discussion at hand, the universe of discourse may
not be explicitly mentioned at all, but the operation of complement is not
well-defined without it. The complement of a set ,4., then, is the set of all
objects in the universe of discourse which are not in ,4, i'e.,

(1-24) At=U-A
We see that in (1-23) the variable e in the predicate notation is implicitly

16
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1. Idempotent Laws
(r) Xt'X=X
Commutatiae Laws
(u) X r-)Y =Y J X

Associatiae Laws
(") (XuY)uz=x.(Yuz)

4. Distributiue Laws
(.) xu(Yn Z)=(X u)')r(x.Z)
(b) xn(Yu Z):(X n]')u(X.Z)

h

Identity Laws
(") XU0=X
(b) XUU =U
Complement Laws
(r) XUXt=U
(b) (x')'= x

DeMorgan's Lau
(u) (X u Y)' = Xt)Y'
Consistencg Principle
(") XgYiff'XuY=Y

(b) Xt"rX=X

(b) Xrl'=)'nx

(b) (xn]').r z = x.(\'. z)

(.) X)A=0
(d) xe,U=X

(.) .{ i"r X/ = 0
(d) X -Y - xn)"

(b) (x.Y)'- x' JY'

(b) Xq]'iffXr-rY=X

Srr.
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Figure 1-7: Some fundamental set-theoretic
equalities.
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Figure l"-9: Venn diagram for
(X n y) u (X n Z) (X l Y shaded verticallv,

X n Z shaded horizontaJlY,
(X n ]') u (X n Z) the entire shaded area).

the Venn diagram in Figure 1-6. Case (d) becomes less bafling if we look
at Figure 1-5 and consider the area corresponding to the intersection of,4.
with the complement of B.

DeMorgan's Laws are a symmetrical pair. Case (a): everything which is

in neither x nor Y is the same as everything which is not in x and not in
Y. Case (b): everything which is not in both X and ]' is either not in X or
not in Y (or in neither). This case is less imrnediately evident, and a venn
fiagram will heip.

The Consistency Principle is so called because it is concerned with the
mutual consistency of the definitions of union, intersection, and subset. If
we thin-k of a Venn diagram in which the circle for X lies entirely inside the
circle for Y (representing X ! Y), then it is easy to see that X UY = Y.
On the other hand, if we know that X UY =Y, then in the standard Venn
diagram the region corresponding to elements wtr-ich are in X but not in Y
must be empty (otherwise, the union would not be equal to Y). Thus, X's
members lie entirely in the Y circlel so X e Y-The (b) case is similar'

It may help in getting a grasp on some of these laws if one considers
analogues from algebra. The operation of * (addition) and * (multiplication)
obey a commutative law:

S=

---25) for all numbers

a::ci an associative lalv:

1-26) for all numbers
x*(y*z)

::t neither is idemPote:
:-z=c. However.the

'--27) for all numbers

::t no such law holds :
::-rethat x-(Y-z)=:
: = 3: then the left sid.e

Arithmetic anaiosue
;*1=cwith0pla;-in
s:i. (But this anaiogl'-.

\\that we have seer
:r some resPects anaiol

=ultiplication but rvhc

=ncounter this structu:t
:n Chapter 6, and we *
-";hat is called a Boolea

For the moment o'.:
-out rather to shou' hon
set-theoretic exPressic':
a set may alwaYs be lr
an expression which d,

example, in ,4 n (B - C
iciting DeMorgan's Lar
have the same membe:

This technique ca'-
sion, as in (1-28) bei.:
about sets, as in (1-29'
demonstrations as a v(
erence to the iaw emP-

(1-28) Exarnple: Sir:.'
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1. (Au B) u (B . C)t
2. (Ar B) u (B'r C')
3. Au (B o (B' l C'))
4. Ar ((B I B',) r C',)
5. A0 (U u C',)
6. Ar (Ct u U)
7. AUU
8.U

1. (A. B). (A. C)',
2. (A. B) . (A' . Ct)
3. A)(Bn(,4.'uC'))
4. A. ((B n /4.',) u (B . C',))
5. (A.(B n.4'))u (An(B.C'))
6. (A. (A' n B)) u (A. (B . C'))
7. ((A^ A') n B)u (A.(B.C'))
8. (0na)u(.4n(BaC'))
e. 1an0)u(An(B.C'))10. 00(An(BnC'))

11. (A. (B n C')),'-t 0
12. Ao(B.Ct)
13. A.(B - C)

(1-30) Example: Show that X aY C X U l-.

DeM.
Assoc.
Assoc.
Compi.
Comm.
Ident.
Id ent .

Distr.
Comm.
Assoc.
Assoc.
Idemp. (twice)
Idemp.

i::i;ations in the e:e:
::=e problem con:iec:
.:::i]' that a given c:
::-: *'ants. So if Pls:i
:- ::v man-l'unsuccesl
i-:"' expression. A ::
=::eCt ed.

Erercises

1. Given the fo-:i'
A : {a.1,.:
D - )- i'.tD
/1 I^ r',v
D = {b,.t

classify each ci
(") c€-{
(b) c€F
(.) c?E
(d) {c}:;(u) {c}: C
(f) B . .4-

2. For anY arb;;:a

(a) isSane:
(b) is {5i a:
(c) is {S} a s

(d) wha-r :s ::
3. Write a sPecii

follorving seis.
so -vou carinc:
a recursive;tt'

(a) {5' 10. i5
(b) {7,17.2,
(c) {300.31:
(d) {3,4. i.:

(1-29) Ezample: Show that (An B) n (,'t n C)' = A.(B - C).

DeM.
Assoc.
Distr.
Distr.
Comm.
Assoc.
Compl.
Comm.
Ident.
Comm.
Ident.
Compl.

By the Consistency Principle this expression is true itr'(X rl y) n (X U y) =
X )Y . We demonstrate the latter.1. (Xnv)n(xuv)

2. ((x n v)n x)u ((x n v)n v)
3. (x n (x n v))u ((x n v)n v)
4. ((x n x)n v)u ((x n v) n v)
5. ((x n x)n Y) u (x n (I'n l'))
6. (xnr)u(xnv)
7. Xny

Such arrays constitute formal proofs (of the fact that, in each of these
cases, the set in the last Line is equal to that in the first line.) We will
talre up the topic of proofs in due coutse, but the reader rT'ho attempts such
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(") {0, 2, -2,4, -4, 6, -6, . . .}

(f) {1, Ll2,tf 4,r18,1176,...}

Consider the following sets:

.91 = {{0}, {A},,4} s6 =S2=A57=

.s3 = {Al s8 :
s4 = {{A}} .9e =
.S5 = {{A), A}

(d) r'{0}(.) prt{a,b)

7. Given the sets ir .

Ut'4,.B, C,D.E-:
(u) (A^ B'; - ((b) A^,(B - c(") (B - C'i -(d) A.(c-,(") (:{. c) -(f)G'
(e) (D - E|

E. Let A- {a.b.c;.
(a) What are:

(1') --l - j

(ii ) -i. j
(iii) .{,
(i') C-.

(b) Isaame=-t
(c) Isaame=i

9. Show by'usin::::
B, and C,

(") ((/ - c) ^

(b) Ar(B--:-
10. Show that the D

agramsforX-'
11. The sYmmetrt:

defined as the se

and B, i.e.

(a) Drarv the \
(b) Shorv tna:

theoretic er

Iorls-t
(c) Shorv tha:

q

{0}
{{0}}
{0, t0}}

b.

6.

Answer the following questions. Remember that the members of a
set are the items separated by commas, if there is more than one,
between the outermost braces oniy; a subset is formed by enclosing
within braces zero or more of the members of a given set, separated
by commas.

(a) Of the sets .91 - .Sg which are members of 51?

(b) which are subsets of S1?

(c) which are members of 59?

(d) which are subsets of 59?

(e) which are members of 54?

(f) which are subsets of 54?

Specify each of the following sets by listing its members:
(") p{a,b, c}
(b) rr{a}(") rtL

Given the sets .A,. . ., G as in Exercise 1, list the members of each of
the following:
(") BrC (e) A.E (-) B-A
(b) AtB (h) C)D (") C-D
(") DUE (i) B)F (") E-F
(d) B'JG (j) C.E (p) F-A
(") DUF (k) BrtG (q) G-B
(f) A)B (l) A-B
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(d) Express each of the following in terms of union, intersection, and
complementation, and simplify using the set-theoretic equalities'

(i) A+A (iu) A+B,where,4CB
(ii) A+U (u) A+B,where.4aB=0
(iii) A+A

(e) Show that ((,4 - B)+ (B - A)) = A! B
(f) Show that (,4 + B) -c 

B itr A g B

Cail adjectives which are correctly predicated of themselves 'autolog-
ical' and those which are not, 'heterological.' For example, 'English'
and 'short' are autological, but 'French' and 'long' are heterologial.
Show that when we ask whether the adjective'heterologicai'is hetero-
logical or autological we are led to a contradiction like that in Russell's
Paradox. This is known as Grelling's Paradox.

Chapter 2

Relations

2.1 Ordered P
J-=:aL that there is n: :

::'::. use ordinarl' se:s

-:- "','irich a is consicie:::
:' :. The definition :s

---., \a.b\ = 4ryi.i.:

Tire fust mem'be: .

:': singleton {ai. r-:
::-= .:rher set {a. bi. :'-
:: =: ordering since ::-
. .ri.io, b)] = t{bi.;
: = b. Of course. :i:
-:-- Eeneral ordered n-:'
:=i.red as

:-2) (a.b,c) = ar;

I; might have bee:-

'': ::na1 primitive. ::::
:--:;ons to a mini::u:::

If rve have t\c s::
:,-<ing an element :i -



LZ

g. Jo luauala u€ Pu" II€d aq1 Jo raquaul lsrs aql se r Jo lualuala u? 3ur{e1
,{q waq} urog srred paJapro ruJoJ uef, a^r rBr pu€ y s}as o,lrl a^€q a^r JI

'urnurrunu e ol suorlou
a,trlrurrrd Jo Jaqunu aq1 daal ol a{-q su€rf,rleuraqleur lnq 'a,rrlrurrrd leuoll-rp
-p€ u€ se slas parapro qll,' lrels o1 raldurrs d1a,rr1in1u1 uaaq al€q lqBr-ur ?I

\",(q,o)){aP = \r,q,r) k-Z)

are saldrrl parapro 'u raqumu Frnr€u due :o3 se1dn1-u parapro [s;]Jt"tt pue saldrrl parapro ol papualxa aq u"c uollrugap slql 'asrnoc 39 'g = D

aleq a^r JI dtuo pu€ JI '(( o'q) = (g', ) 'tl leq?) i{q'r}'iq}} = {{g'o}'{u }} a^€q a.r\ asn"raq os sI srgJ '( ,'q ) t' (q'o ) leraua8 ur a)urs 3ur:apro ue go
sarlradord ,{ressarau aq} a^€q arn .&rov '{o} -lo lou lnq '{g'o} 1as Jeq}o aql
Jo raqtualu € sr qllutr auo aql sr Jaqureru Puof,as eql pue'{o} uo1a18urs aql
ur srnsro r{rrg.lr lueruala aq1 aq ol ue{€} sl (g'D ) ;o :aquraur lsrg ar{J

{{q'r}'{oy} {eP : \q,o) (r-Z)

:s^\olloJ se sr uorlruu:ap aq; 'ned
aq1 Jo ragluaut puocas aql sr g pue raquau 1s.r3l aqt paraprsuor sr 

" qf,rq^r ur
'aldurexe rcg \q'o ) ua11u,rir. ',nod pal,apln ue augap ol slas dreurpro asn'JaAa
-noq 'uec adylas € Jo sraquaur aql uo pasodurr rapro ou sr araql leql II€JaU

slrnpord uersa?JeJ pu€ srred parapro T.z

suor+runc puB suor+Blatl

z, ra+dBqc

s([assnu ui ]e:i:
-oJalaq sr .ptl.=t
'1er8o1ora1au a-:
,qsrJ3ug, 'a1dt=
-8o1o1ne, sa.liasr

'sarlrlenba rr;a::
pue 'uoilcasra::



28 CH,q.prrR 2

as the second member. The Cartesian product of -4 and B, written AX B,
is the set consisting of ail such pairs. The predicate notation defi-nes it as

(2-3) Ax B =deJ{\x,Y) 1t € -A and v € B}

Notethataccord-ingtothedefi'nitionifeitherAorBis0,thenAxB=0,
Here are some examples of Cartesian products:

(2-4) Let K - {o,b,c} and L: {1,2}, then

K x L = {(o,1), (o,2),(b,1), (b,2),(t,1),(t'2)}
L x K = {(r,o), (2,a),(1,b),(2,b),(1,c),(2,c)}
L x L = t( 1, 1 ), ( 1,2 ), (2,1 ), (2,2)j

It is important to remember that the members of a cartesian product
are not ordered with respect to each other. Aithough each member is an

ordered pair, the cartesian product is itself an unordered set of them.

Given a set M of ordered pairs it is sometimes of interest to determine
the smallest cartesian product of which M is a subset. The smailest A and

B such that M e A xB can be found by taking A = {a i (o,b) €'41 for
some 6) and B = ib I (o,b)e M for some o)' These trvo sets are called the
projections of M onto the f,rst and the second coordinates, respectiveiy' For
ex*nple, if M = {( 1,1 ), ( 1,2 ), ( 3,2 )i, the set {r, l} is the projection onto
the first coordinate, and {1,2} the projection onto the second coordinate.
Thus {1_,3} x {1,2} is the smallest Cartesian product of which M is a subset.

2.2 Relations
We have a natural r:lderstanding of relations as the sort of things that hold
or do not hold between objects. The relation 'mother of' holds between
any mother and her children but not between the children themselves, for
instance. Transitive verbs often denote relations; e.g., the verb 'kiss' can

be regarded as denoting an abstract relation between pairs of objects such

that the first kisses the second. The subset reiation was defined above as

a relation between sets. Objects in a set may be related. to objects in the
same ol another set. We write Rob or equivalenily a&b if the reiation R
holds between objects o and b. We also write R ! A x B for a relation
between objects from two sets .4 and B, which we call a relation from A to
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the,Iess than or equal to' relation in A. The inverse of -R., ft-1, is {( 2, 3 ), (1'

3), ( 1,2 )), the 'less than' reiation in A. Note that ('R-l)-r - R, and that
if Rq AxB,then,R-1 CB'xA,but R'!AxB'

\ve have focused in this discussion on binary relations, i.e., sets of or-
dered pairs, but analogous remarks could be made about relations which are

composed of ordered tripies, quadruples, etc , i e', ternary, quaternarg, ot
just n-place relations.

2.3 Functions

A function is generaily represented in set-theoretic terms as a special kind
of relation. A relation -R from A lo B is a function if and only if it meets

both of the follouing conditions:

1.. Each element in the domain is paired with just one element in the
ranSe

2. The domain of R is equal to ,4.

This amounts to saying that a subset of a Cartesian product A x B can
be called a function just in case every member of -,{ occurs exactly once as

a first coordinate in the ordered pairs ofthe set'

As an example, consider the sets A= {a,b,c} and B = {1,2,3,4}' The
follorn'ing relations from ,4. to B are functions:

(2-6) P = {(o,1), (b,2), (c,3)}
a = {(o,3), (b,4), (c, 1)}
R = {(o,3), (b,2), (c,2)}

The following relations from L to B are not functions:

(2-7) s - {(a, 1), (b,2)}
T = {(o,2), (b,3), (c,3), (c, L)}
V = {(o,2), (4,3), (b,4)}

s fails to meet cond-ition 2 because the set of first members, namely

{o,b}, is not equal to A. T does not satisfy condition I, since a is paired
with both 2 and 3. In relation V both conditions are violated'
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Figure 2-2: Illustration of onto and into
functions.

A function F'. A -B is calied a one-to-one function just in case no mem-

ber of B is assigned. to more than one member of A. Function F in Figure
2-2 is one-to-one, but G is not (since both b and c are mapped into 2)' nor

is ,Y (since 11(b) : l1(c) = 3)' The function F defi'ned in (2-8) is one-to-one
since for each odd integer g there is a unique integer o such that y = 2c*L'
Note that F is not ontl the set of integers since no even integer is the value

of ]'r for any argument c. Functions which are not necessarilv one-to-one
maybetermedmanytoone.Thusallfunctionsaremany-to-onestrictly
speaking, and some but not ali of them are one-to-one. It is usual to apply
the term,,many-to-one", however, only to those fulctions which are not in
fact one-to-one.

A function which is both one-to-one and onto (I in Figure 2-2 is an

example) is called a one-to-one correspondence. such functions are olspecial

associated with a unique value - and thus it meets condition 1' strictiy
speaking,byourdefi.nitionitisnotafunction,butitcouldbecalleda
partial iorr.iiorr. A partial function is thus a totai firaction on some subset

of th" do*uin. Henceforth, rve will use the term 'function,' if required, to

ind.icate a single-valued mapping whose domain may be less than the set A
containing the domain'

It is sometimes useful to state specifically rvhether or not the range of a

function from A to B is equal to the set B. Functions from A to B in general

are said tobe into B. If the range of the fuaction equals B, however, then the

function is onto B. (Thus onlo functions are also into, but not necessarily

conversely.) In Figure 2-2 three functions are indicated by the same sott

of diagrams we introduced previously for relations generally. It should be

uppu.urrr that functions .F and G are onto but ,Iy' is not. All are of course

into.
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Note that -F is into while G is onto and that neither is one-to-one. This
shorvs that compositions may be formed from functions that do not have
these special properties. It could happen, however, that the range of the
first function is disjoint from the domain of the second. in which case, there
is no 3r such that (r,s) e -F and (a,r) e G, and so the set of ordered pairs
defined by G c F is empty. In Figure 2-3, F is the fust function and G is
the second in the composition. Order is crucial here, since in general G o F
is not equal to F c G. The notation G c -F may seem to read backwards,
but the value of a function f' at an argument a is F(a), and the value of G
at the argument P(a) is written G(f(a)). By the defi.nition of composition,
G(,F(a)) and (G o f)(a) produce the same value'

A function F:,4 - A such that I = {(t,x} i x €,4} is called the
id.entitg function. written id,1. This function maps each element of A to
itself. Composition of a fuaction F rvith the appropriate identitl'function
gives a function that is equal to the function F itself. This is illustrated in
Figure 2-4.

B
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Ct) >I
+2
13 .,

I

idB

idpcF:F
A
a-\
b-
c--

->a ---l fi\+2
13 .,

+b-

idd

Fo ida= f
F

Figure 2-4: Composition with an identity
function.

Given a function F: A- B that is a one-to-one correspondence (thus the
inverse is also a function), rve have the following general equations:

fr-ln) tr-1oF = ida
FcF-l
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The equations corresponding to (2-10) do not hold for relations (nor for
functions which are not one-to-one correspondences). However, we have for
any one-to'one relation R: A' B:

(2-t2) R-i c l? q idd
RcR-l g idn

M/e should note here that our previous remarks about ternary, quater-
nary, etc. relations can also be carried over to functions A function may
have as its domain a set of ordered n-tuples for any n, but each such n-tuple
rvill be mapped. into a unique value in the range. For example, there is a
function mapping each pair of natural numbers into their sum'

Exercises

1. Let A: {b,c} and B = {2,3}.
(a) Specify the following sets by'listing their members'

(i) AxB (i") (AtB)xB
(ii) BxA (') (A)B)xB
(iii) AxA ("i) (r-s) x(B-A)

(b) Classify each statement as true or false'

(i) (.4x8)u(BxA)=@
(ii) (.4 v .4) c (A r B)
(iii) (c,c)C(AxA)
(i") {( b,3 ), (3,b )} g (A x B) 't (B x A)
(v) 0 q Ax A
("i) i( 6,2 ), ( c,3 )) is a relation from A to B
(vii) {( b, b )} is a relation in ,4

(c) Consider the following relation from ,4 to (A u B):
l? = {( b,b), ( b,2 ), (.,2 ), ( c,3 )}

(i) Specify the domain and range of -R

(ii) Specify the complementary relation -R' and the inverse -R-1

(iii) Is (A';-t (the inverse of the complement) equal to (A-t;'
(the comPlement of the inverse)?

- =- : -- {a. b.:l a:

::::n --l to .B? n:
:::an1- ol the iu:::
:-ar-e inverses ::-a:
:e-ations fro:n : :
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::th lelatic:r: ;:-

,a) Form tie ::
lb) Shorv tha: -:

::l the fi:nctic:.
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ib) Shot'tra: :
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every irreflexive relation is nonreff.exive but not conversely. The relation 'is
taller than' in the set of human beings is irreflexive (therefore also nonle-
flexive), rvhile the relation 'is a financial supporter of is nonreflexive (but
not irreflexive, since some people are financialJ.y self-supporting). Note that
a relation R in Ais nonreflexive if and onlf if ida I R;it is irreflexive if and
only if RaidA:0.
Syrnmetry

Given a set A and a binary reiation R in A, R is symmetric if and only if
foreveryorderedpair (z,g)in R, thepair (y,c )is also in ft It isimportant
to note that this definition does not require every ordered pair of A x A to
be in -R. Rather for a relation ii to be s1'mmetric it must always be the case

thal if an ordered pair is in R, then the pair rvith the members reversed is
also in -R.

Here are some examples of symmetric relations in {1,2,3}:

(3-1) {( 1, 2 ), ( 2, 1 ), (3,2), ( 2,3 )}
{( 1,3 ), ( 3,1 )}
J/ ' ' \Tt\ !) - /J

{(2,2 )} is a symmetric relation because for every ordered pair in it, i.e',
(2,2), it is true that the ordered pair with the first and second members
reversed, i.e.. (2,2), is in the relation' Another example of a s.vmmetric
relation is 'is a cousin of' on the set of human beings. If for some (z,g)
in -R, the pair ( y, c ) is not in R ihen R is nonsgmmetric' The relation 'is
a sister of, on the set of human beings is nonsymmetric (since the second
member may be male. It is, however, a symmetric relation defined on the
set of human females).

The following relations in {1,2,3} are nonsymmetric:

(3-2) {( 2,3 ), ( 1,2 )}
{(3,3),(1,3)}
{(1,2 ), (2,1), (2,2), (1,1), (2,3 )}

If it is neuer lhe case that for any (z,g) in -R, the pair (g,c ) is in
.R, then the reiation is called asymmetric. The relation 'is older than' is
asymmetric on the set of human beings. Note that an asyrnrnetric relation
must be irreflexive (because nothing in the asymmetry definition requires a
and g to be distinct). The following are examples of asymmetric relations in
{1,2,3}:

J-:rtrxivirY. s1'l'1-'- -

.-; {'2,3 ), ( 1,2 i
i 1.3 ), !.2,3
r o n\l\'J,z iJ
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Relation (3-6) is nontransitive, as are the following two:

(3-8) {( 1,2 ), ( 2,3 )}
{( 1, 2), ( 2,3 ), ( 1,3), ( 3,1 )}

The first of these relations is also intransitive, as are the foliowing relations:

(3-e) {( 3, 1 ), ( 1,2 ), ( 2, 3 )}
f/9 o\,i r a\lt\ J,l l, \ r, D lJ

Connectedness
A relation R in A is connected (or connex) if and only if for every two

d,istinctelements x and y in,4, ( x,g) €R or ( g,a ) e'R (or both)'
Note that the definition of connectedness refers, as does the definition

of reflexivity, to all the members of the set A. Further, the pairs (a,g)
and (y, c ) mentioned in the defi.nition are explicitly specified as containing
nonidentical first and second members. Pairs of the form (o,c) are not
prohibited in a connected relation, but they are irrelevant in determining
connectedness.

The following relations in {1,2,3} are connected:

(3-10) {( 1,2 ), ( 3, 1 ), ( 3,2 )}
{( i,1 ), ( 2, 3), ( 1,2 ), ( 3, I ), (2,2)}

The following reiations in {1,2,3}, which fail the defi.nition, are noncon-
nected.

(3-11) {(1,2),(2,3)}
{(1,3 ), (3,1), (2,2), (3,2 )}

It may be useful at this point to give some examples of relations speci-
fied by pred.icates and to consider their properties of reflexivity, s1'mmetry,
transitivity, and connectedress.

(3-12) Eaample: .Rj is the relation 'is father of in the set ll of all human
beings. -R.y is irreflexive (no one is his own father); asymmetric (if
c is y,s father, then it is never true that g is c's father); intransitive
(if c is g's father and g is z's father, then c is z's grandfather but
not z's father); and nonconnected (there are distinct individuals z
and y in 11 such that neither 'z is the father of 3r'not'y is the
father of c' is true).

: -.'-e ?-r -c--=

le='

-- .. t-- "to_ 
- __-

_ - -- -..F: 2 ^^-



Z ol palelal lou sr t af,urs )rJlauruJ.{suou sr uorl"lal aq; .doo1 e sreaq 1urc.:
,{ra,ra acurs 'aarxager sr uorJ€IaJ ar{} l€ql r-uer8erp aql uro$ luaredde sr 11

{(e'e )'( t'z )'( r'r )'(e'z)'( r'e )'( e'r )} = T

aq1 sr f, rou ,'l
c sl€npr^rpur t:-j
1nq raq1e.;:pue::
aarlrsuellur :i.:: _-

yr) rrrlaurur,ise :

ueluni{ II€ Jo li :

'dr laurur.is'.it :-r.::,;,
-rcads suorlelar ,::

-uoJuou aJe .uc:t:l

8ururur.ra1ap ur :-::
lou aJ? ( c,2 , -,:;
Eurureluor se pa-j::
( /l'o ) srred au: .:
uorlrugop aql sa.:

'(qloq :c.
orrrl d.raaa .ro3 gi .i;

uollelar aql sluasardar 1-g arn8rg

'ure:8erp leuoilelag :1-g arn8rg

t._
/v 2.,/ T

O O
'aldurexa rog 'slurod Surpuodsarrof, aql sl)auu::

^\orr€ u€ 'U ; (lt'a ) a'r 'f ot palelar sl r JI '(]ueralar:i sr ruai{l Jo tu3=
-a3uerre lerleds relnrrl.red aql) slurod palaq€I .{q paluasardar are }as 1u€.1e-::
aql Jo sraquaur aqJ 'su:er8erp l€uorJelar uT r[aq] luasardar o1 dlr,rrlrsu:::
pue {r1aurur.{s '.{lr,trxagar Jo suorJou aql Surlelrurrss€ ur InJdlaq aq .,{zur :-

suorlelal Jo srrrBJ8Bro z.t

'(a8e aures aq1
Jo lou are o{,rl /lr ur sl€npr^rpur lrurlsrp are eraqt) paJsauuocuou
pue l(z se a3e aur€s aq] sr r uoql 'z pue /t are os pue a8e aures
ar{t are fi pue t;r) arrrlrsuerl i(a se a3e aures aql sr d uaql ,d se
a3e aures aql sr c p) rrrlaunu.{s l(Siasraq roJ1asurn{ se a3e aures aql
sr auodraaa) alrxagial sr op. 'sSuraq u€umq 8ur,rr1 qe Jo 11 las aql
ur,'d se aFe aures aql sr r, dq paugap uorJelor aql sr og :a1du_toxg (f _-:

'z I fi to d < a roqlla,f pue z sra8alur
yo rred l)urtsrp .{ra.l,a .ro3) patlauuof, pue'(z a z uar{l ,z < fr pue
fr < t y) a,rrlrsuerl :r I /t uaql 'fi < r yr) orrtaururdse i(;1as1i
ueql ra?ear3 sr raqurnu ou) a,rrxagar{ si U 'leraua8 ui sraqunu Jo
sarlradord aqt yo a8pai,r,rou{ rno ruorJ U ;o sarlrado:d }u€̂alor oq}
aururJalap of alqe are a^t lnq 'U saop os pue sJaqwaru Jo Jaqumu
alr-ugq u€ surcluo) Z .sra8alur a.r.rlrsod aq] 11e Jo i...,r,t,Z,l]
- Z Ps aql ui paugap ,ueq1 ra1ear8, uollelar aql sr U :a\du,toxg (gl-_

sNoIMgU JO SWYU9VIC tv



44 CslprnR 3

whereas 2 is related to 3. It cannot be calied asymmetric or antisymmetric'
however, since I is related to 2 and 2 is related to 1. It is nontransitive since

1 is related to 2 and 2 is related to 3, but there is no direct arrow from 1 to
3. The relation cannot be intransitive because of the presence of pairs such

as ( 1,1 ).
lf a relation is connected, every pair of distinct points in its diagram will

be directly joined by an arrow. We see that R is no connected since there is

not direct connection between 1 and 3 in Figure 3-1'

3.3 Properties of inverses and complements

Given that a relation R has certain properties of reflexivity' symmetry, tran-
sitivity or connectedness, one can often make general statements about the
questitn whether these properties are preserved when the inverse R-1 or
complement R' of that relation is formed.

For example, take a reflexive relation R rn A. By the definition of reflexive
relarions, for every r e A, \x,t) e ,R,. Since r?-1 has ali the ordered pairs
of R, but with the first and second members reversed, then every pair (c, c )
is also in fi-1. So the inverse of R is reflexive also. The complement R'
contains all ordered pairs in A x A that are not in R' Since R contains
every pair of the form ( c, c ) for any c € ,1, B' contains none of them. The
complement relation is therefore irreflexive.

As another example, take a symrnetric reiation .R in ,,{. Does its com-
plement have this property? Let's assume that the complement -R' is not
symmetric, and see what we can derive from that assumption. lf r?' is not
symmetric, then there is some (",3t) e ,?' such that (9, *) / R', by the def-
inition of a nonsymmetric relation. Since (U,') / R', (Y,c ) must be in the
compiement of .r?', which is -R itself. Because R is symmetric, (c,g) must
also be in -R. But one and the same ordered pair ( o, g ) cannot be both in r?

anil it its complement fi/, so the assumption that the complement R/ is not
symmetric leads to an absurd conclusion. That means that the assumption
cannot be true and the complement .Rr must be symmetric after all. If -R is a
symmetric relation in A, then the complement R/ is symmetric and vice versa
(ihe lutte. follows from essentially the same reasoning with B/ substituted
for ,?). This mode of reasoning is an instance of what is called a red'uctio

ad, absurdum proof in logic. It is characterized by making an assumption
which leads to a necessarily false conclusion; you may then conciude that
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Thus, when P is an equivalence relation, [c] is the equivalence class which
contains c. Therelation'is the same age as'divides the set of people intoage
groups, i.e., sets of peopie of the same age. Every pair of distinct equivalence
classes is disjoint, because each person, having only one age, belongs to ex-

actly one equivalence class. This is so even when somebody is 120 vears old,
and is the only person of that age, consequently occupying an equivalence
class all by himself. By dividing a set into mutuaily exclusive and collectively
exhaustive nonempty subsets we effect rvhat is called a partitioning of that
set .

Given a non-empty set -4., a partition of A is a collection of non-empty
subsets of A such that (1) for any two distinct subsets X and Y , X ?Y : 0

and (2) the union of alt the subsets in the collection equals.4. The notion of
a partition is not defined for an empty set. The subsets that are members
of a partition are called cells of that partition.

For example, let A - {o,b,c,d,e). Then, P = {{o'c},{b,e},id}i is
a partition of A because every pair of cells is disjoint: {4, c} n {b,e} = Q,

{b,e} n {d} = $,and {a,c} n {d} : 0; and the union of ail the cells equals
L: fJ {{a, c}, {b, e}, {d}) = A.

The followirg three sets are also partitions of A:

(3-15) Pt = {{o, c, d}, {b, e}}
P2: {{a), ib}, {.}, {d}, {t}}
Ps = {{a,b,c,d,e}}

P3 is the trivial partition of A into only one set. Note however that the
definition of a partition is satisfied.

The following two sets are not partitions of .4:

(3-16) C = {{o,b, c}, {b, d}' {"}}
D = {{a), {b, e}, {c}}

C fails the definition because {a,b,c)n {b, d} # 0 ar.d D because U{{"},
{b,e),{c}} I A

There is a close correspondence between partitions and equivaience rela-
tions. Given a partition of set A, the reiation A = {( x,u, I x and y are in
the same cell of the partition) is an equivalence relation. Conversely, given a
reflexive, symmetric, and transitive relation R in A, there exists a partition
of A in which z and y are in the same cell if and only if t and y are related by
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To illustrate, let ,4 = {a,b,c,d}. The following are all weak orders in A:

(3-21) Rr = {( a,b),(a,c),( a,d),\b,c),(o,o),(6,b), (.,c),(d,d)}
Rz = {(D,o), ( b,b),\a,a), (c, c),(d,d),{",b), (c,a)}
ft. = {( d,"),\d.,b),\d,o),(c,b),\c,a),(a,o), ( b,b), ( c,c),

(d.,dl,(b,"))

These are represented in Figure 3-3 as relational diagrams, from which it
can be verifi.ed that each is indeed reflexive, antisymmetric, and transitive.

oooa+a+a

cba
.-. dl_/

Rz

Figure 3-3:
Diagrams of the weak orders in (3-21).

To these weak orders there correspond the strict orders Sr' Sz and,S3,
respectiveiy:

(3-22) 5r = {( a,b), (a,c), (a,d), ( b,c)}
Sz = {( 6,o), ( c,b), ( c,a)}
5s = {( d,"),\d,b),( d,o),\c,b),(c,a),(6,4)}

These can be gotten from the weak orders by removing all the ordered
pairs of the form \ r,,l. Conversely, one can make a strict order into a weak
order by adding the pairs of the form (c, c ) for every c in A.

As another example of an order, consider any collection of sets C and a
relation Rin C defined by r?,: {(X,Y ) lX q Y} We have a)ready noted
in effect (Chapter L, section 4) that the subset relation is transitive and
reflexive. It is also antisyrnmetric, since for any sets X and Y, if X g Y and
Y C X, then X = y (this will be proved in Chapter 7). The corresponding
strict order is the 'proper subset of'relation in C.
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Figure 3-5: Immediate predecessor diagrams
of the orders in (3-21).

tremes of an order. Given an order R in a set 1.,

1. an element x in A is minimal if and only if there is no other element
in A which precedes z (examples: a tn R1 and .91; c and d in R2 and
Sz; d in 83 and ,93)

2. an element t, in A is leasl if and only if a precedes every other element
in A (examples: ain ft.r and 5r;din -Rg and 5g)

3. an element c it A is macimal if and oniy if there is no other element
in,4. which follows c (examples: c and dh R1 and 5r; a and din R2
and ,92; a in .R3 and 53)

4. an elemenl c in A is greatest if and only if c follows every other eiement
in .rl (examples: a in -R3 and S3).

Note that a in R1 and .91 is both a minimal and a least element, while
c and d in these same orders are both maximal but not greatest (c does
not follow d, for example). Element d in Rz and .92 is both minimal and
maximal but neither greatest nor least. The order defined by ,R in Example
(3-t3) has 1as amaximaland greatest eiement (it follows all other elements
and has no successors) but there is no minimal or least element in the order.
Observe here that the form'greatest'as used technically about orders need
not coincide with the notions 'greater than ' or 'greatest' in the realm of
numbers.

A least element, if there is one in an order, is unique (if there were
two, each would have to precede the other, and this would violate either

a
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(iii) is a descendant of
(iv) is an uncle of (assuming that one may marry one's aunt or

uncle)
(b) Which of your answers would be changed if these relations were

defined in the set of all male human beings?

Investigate the properties of each of the following relations. If any
one is an equivalence relation, indicate the partition it induces on the
appropriate set. (If you do not know the concepts' try to find some rea-
sonable assumptions, state them explicitly, and do the exercise based
on those).

(") M = {(o, yl | , and g are a rninimal pair of utterances of
Engiish)

(b) C : {(e,g) I c and y are phones of English in complementary
distribution)

(") f = {(",y) ]c and y are phones of English in free variation}
(d) -4 = {(c,y) lc andyareallophones of the sameEnglishphoneme}
(e) Q is the relation defi.ned by 'X is a set having the same number

of members as l'' in some appropriate collection of sets'

3. Let A={1,2,3,4}.
(a) Determine the properties of each of the following relations, its

inverse and its complement. If any of the reiations happens to be
an equivalence relation, show the partition that is induced on A'

= {(i,1),(2,1),(3,4), (2,2),(3,3),(4,4),(4,1)}
= {( 3,4 ), ( 1,2 ), ( 1,4 ), ( 2,3 ), (2,4), ( 1' 3 )}: {(2,4), ( 3,1 ), ( 3,4 ), (2,2r, ( 1,3 ), (4,3 ), (4,21\
= {(1,1), (2,4),(1,3), \2,2),(3,1), (4,4),(3,3), (4'2)}

(b) Give the equivalence relation that induces the foilowing partition
on A: P = i{1}, {2,3}, i4}}.

(c) How many distinct partitions of ,4 are possible?

What is wrong with the following reasoning that reflexivity is a conse-
quence of symmetry and transitivity? (Birkhof & 1\{acLane (1965)). If
\r,yl e rR,, then ( y, t ) g .R, since we asslune -R is symrnetric. If both
( r, y ) and (y, c ) are in R, then (c, c ) must be in -R by transitivity.
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